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ABSTRACT
We present the application of the pseudo-spectrum method to galaxy-galaxy lensing. We de-
rive explicit expressions for the pseudo-spectrum analysis of the galaxy-shear cross spec-
trum, which is the Fourier space counterpart of the stacked galaxy-galaxy lensing profile. The
pseudo-spectrum method corrects observational issues such as the survey geometry, masks of
bright stars and their spikes, and inhomogeneous noise, which distort the spectrum and also
mix the E-mode and the B-mode signals. Using ray-tracing simulations inN -body simulations
including realistic masks, we confirm that the pseudo-spectrum method successfully recovers
the input galaxy-shear cross spectrum. We also investigate the covariance of the galaxy-shear
cross spectrum using the ray-tracing simulations to show that there is an excess covariance
relative to the Gaussian covariance at small scales (k & 1h/Mpc) where the shot noise is dom-
inated in the Gaussian approximation. We find that the excess of the covariance is consistent
with the expectation from the halo sample variance (HSV), which originates from the matter
fluctuations at scales larger than the survey area. We apply the pseudo-spectrum method to the
observational data of Canada-France-Hawaii Telescope Lensing survey (CFHTLenS) shear
catalogue and three different spectroscopic samples of Sloan Digital Sky Survey Luminous
Red Galaxy (SDSS LRG), and Baryon Oscillation Spectroscopic Survey (BOSS) CMASS
and LOWZ galaxies. The galaxy-shear cross spectra are significantly detected at the level of
7 − 10σ using the analytic covariance with the HSV contribution included. We also confirm
that the observed spectra are consistent with the halo model predictions with the halo oc-
cupation distribution parameters estimated from previous work. This work demonstrates the
viability of galaxy-galaxy lensing analysis in the Fourier space.
Key words: cosmology: theory – observations – large-scale structure of the Universe – grav-
itational lensing: weak – methods: statistical
1 INTRODUCTION
Growth of large-scale structure probed by weak gravitational lens-
ing and galaxy clustering provides a key insight into the nature
of dark energy and dark matter. Galaxy-galaxy lensing, the cross-
correlation between foreground galaxies and background galaxy
image distortions, is a powerful probe of how the matter distributes
around galaxies. Specifically, galaxy-galaxy lensing has been ap-
plied to various galaxy datasets to study the relation between galaxy
properties and their host dark matter properties (e.g., Hoekstra
et al. 2005; Mandelbaum et al. 2006; Leauthaud et al. 2012; Ve-
lander et al. 2014; Coupon et al. 2015). This relation, when com-
bined with galaxy clustering measurements, reduces the system-
atic uncertainty of galaxy biasing and allows us to derive useful
cosmological constraints (e.g., Mandelbaum et al. 2013; Miyatake
et al. 2015; More et al. 2015). These applications will grow in the
near future when high-quality datasets from various galaxy imag-
ing and spectroscopic surveys are available, such as Subaru Hy-
per Suprime-Cam (Miyazaki et al. 2012, 2015), Dark Energy Sur-
vey (The Dark Energy Survey Collaboration 2005), Kilo-Degree
Survey (de Jong et al. 2015), Subaru Prime Focus Spectrograph
(Takada et al. 2014), Dark Energy Spectroscopic Instrument (Levi
et al. 2013), Large Synoptic Survey Telescope (Ivezic et al. 2008),
Euclid (Laureijs et al. 2011), and WFIRST (Spergel et al. 2015).
Two-point statistics including galaxy-galaxy lensing can be
studied in real and Fourier spaces. The power spectrum, defined
as the square of the amplitude of the fluctuation as a function of
scale in the Fourier space, is a fundamental statistics to study the
physics in the evolution of cosmic density fluctuation. The power
spectrum has been playing a central role in the analysis of cosmic
microwave background (CMB) temperature/polarization fluctua-
tion and galaxy clustering. One of the difficulties in measuring the
Fourier-space statistics is the convolution of various observational
effects including survey geometry and masks with the cosmolog-
ical fluctuations in the Fourier space. In particular, weak lensing
maps are affected by various observational issues such as compli-
cated masks due to bright stars and their spikes, inhomogeneous
noise due to signal-to-noise of imaging galaxies, and intrinsic noise
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depending on the types of imaging galaxies. Due to the limited sky
area and such complicated masks of imaging sky, the lensing analy-
sis has been mainly conducted using the real-space statistics such as
aperture-mass dispersion, two-point correlation functions for cos-
mic shear, and average ∆Σ for galaxy-galaxy lensing. In partial
sky, the information of the power spectrum is not identical to that
of the two-point correlation due to the mask, which suggests that
the complementary analysis using the power spectrum is important.
While real space approaches have been common for the cos-
mic shear analysis (e.g., Kilbinger et al. 2013; Heymans et al. 2013;
Jee et al. 2013), Fourier space approaches are also of growing pop-
ularity in cosmic shear analysis. For instance, cosmic shear analysis
using the pseudo-spectrum method, which has widely been used in
CMB analysis (Hivon et al. 2002; Kogut et al. 2003; Brown et al.
2003; Bunn et al. 2003; Smith 2006; Smith & Zaldarriaga 2007;
Grain et al. 2009; Kim & Naselsky 2010) including the extraction
of B-mode polarization signals (Smith & Zaldarriaga 2007), has
been proposed (Hikage et al. 2011; VanderPlas et al. 2012; Becker
& Rozo 2016) and was applied to SDSS (Lin et al. 2012) and
the Canada-France-Hawaii Telescope Lensing survey (CFHTLenS)
data (Kitching et al. 2014). There is another method based on likeli-
hood analysis to measure power spectrum estimation (Seljak 1998;
Hu & White 2001), which was also applied to CFHTLenS data
(Ko¨hlinger et al. 2016). We note that recent cosmic shear analysis
from the DES SV data presented results both in real and Fourier
spaces (Becker et al. 2016).
In contrast, the galaxy-galaxy lensing analysis in the Fourier
space has attracted little attention. This is presumably due to tech-
nical challenges mentioned above, but in fact the power spectrum
analysis of galaxy-galaxy (or cluster-galaxy) lensing has several ad-
vantages. First, measuring signals from observations in the Fourier
space are usually faster than that in the real space. This is particu-
larly true when we are interested in large-scale cross lensing signals
(the so-called two-halo component region) which contains impor-
tant cosmological information (e.g., Hu & Jain 2004; Jeong et al.
2009; Oguri & Takada 2011; Covone et al. 2014; Sereno et al. 2015;
Miyatake et al. 2016; Umetsu et al. 2015). Second, analytic calcula-
tions of signals and covariances in the Fourier space are easier than
in the real space. Third, the covariance matrix is more diagonal in
the Fourier space, and hence easier to handle.
In this paper, we extend the pseudo-spectrum method for cos-
mic shear developed in Hikage et al. (2011) to galaxy-galaxy lens-
ing. The advantage of the pseudo-spectrum method is that the
computational speed is much faster than the likelihood analysis,
although the former approach requires careful corrections of the
mask effect. We show that the pseudo-spectrum method works on
the percent-level accuracy using ray-tracing simulations and halo
datasets. We also study the covariance of galaxy-galaxy lensing
power spectrum using the ray-tracing simulations to show that the
so-called halo sample variance (HSV; Takada & Bridle 2007; Sato
et al. 2009), and more generally speaking super sample covariance
(SSC; Takada & Hu 2013; Li et al. 2014), plays an important role
at small angular scales.
Furthermore, we apply the pseudo-spectrum method to pub-
licly available observational datasets of CFHTLenS shape data
(Heymans et al. 2012; Erben et al. 2013) to measure galaxy-galaxy
lensing using various galaxy samples including Sloan Digital Sky
Survey Luminous Red Galaxy (SDSS LRG; Eisenstein et al. 2001),
and Baryonic Oscillation Spectroscopic Survey (BOSS) CMASS
and LOWZ galaxy samples (Eisenstein et al. 2011). We evaluate
the signal-to-noise ratio of our measurements and compare with
the model predictions using the analytically estimated covariance
including Gaussian and HSV terms.
The paper is organized as follows. In Section 2 we present
basic theoretical formulae of the galaxy-galaxy lensing spectrum.
In Section 3, we present the formalism of pseudo-spectrum method
applied to the lensing measurements. In Section 4, we apply the
pseudo-spectrum method to simulated mock samples to test power
spectrum reconstruction method. We also compare the covariance
matrix between simulations and analytic formulae. In Section 5,
we present the results on the pseudo-spectrum analysis applied to
CFHTLenS and SDSS galaxy datasets. Section 6 is devoted to the
conclusion.
2 FORMALISM
In this Section, we review the theoretical formalism of the shear
power spectrum and galaxy-galaxy lensing spectrum (see the re-
views of Bartelmann & Schneider 2001). Throughout the paper,
the distance is expressed in comoving unit.
2.1 Galaxy-galaxy lensing spectrum
Weak lensing by the large-scale structure probes the convergence
field κ that is defined by the projected mass density field δm with
the weight W κ(z)
κ(θ) ≡
∫
dz
H(z)
W κ(z)δm(θ; z), (1)
where H(z) is the Hubble expansion rate at redshift z and the
weight function W κ(z) is defined as
W κ(z) ≡ ρ¯mΣ
−1
crit(z), (2)
with the mean matter density ρ¯m = ρcritΩm. The inverse of the
critical surface density Σ−1crit is given by
Σ−1crit(z) ≡
∫
z
dzsp(zs)Σ
−1
crit(z, zs), (3)
Σ−1crit(z, zs) =
3H20
2ρcrit
(1 + z)
dA(z)dA(z, zs)
dA(zs)
, (4)
where dA(z) is the comoving angular diameter distance at the red-
shift z and p(zs) is the redshift distribution function of source
galaxies normalized to be unity as
∫
dzsp(zs) = 1.
Galaxy-galaxy lensing, the cross-correlation between the
number density field of foreground galaxies and the shear field of
background galaxies, probes the relationship between matter and
galaxy distribution as a function of scale. Using the Limber approx-
imation (Limber 1954), the galaxy-galaxy spectrum is related to the
three-dimensional (3D) galaxy-shear cross spectrum P gm(k; z) as
Cgκℓ ≡
〈
δ˜g
(
k =
ℓ
dA(z)
)
κ˜∗ℓ
〉
,
=
∫ zmax
zmin
dz
H(z)
[
W κ(z)W g(z)
d2A(z)
]
P gm
(
k =
ℓ
dA(z)
; z
)
, (5)
where κ˜ℓ is the two-dimensional (2D) Fourier transform of κ(θ)
and δ˜g(k) is the Fourier transform of the projected number density
fields of galaxies from zmin to zmax. The weight function W g(z)
is the redshift distribution of foreground galaxies normalized to be
unity as
∫ zmax
zmin
dzW g(z) = 1. Usually galaxy-galaxy lensing is
measured in the real space using (differential) projected mass den-
sity around foreground galaxies ∆Σ(R) as
c© 0000 RAS, MNRAS 000, 000–000
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∆Σ(R) ≡
∫
kdk
2π
P gΣ(k)J2(kR), (6)
where J2(x) is the second-order Bessel function. The cross spec-
trum of the projected mass density field Σ with the projected clus-
tering of foreground galaxies P gΣ(k) is related to the galaxy-
matter power spectrum P gm(k; z) as
P gΣ(k) =
∫ zmax
zmin
dz
H(z)
ρ¯mW
g(z)P gm(k; z). (7)
Note that the galaxy-Σ cross spectrum P gΣ(k) is independent of
the source distribution. In the following analysis, we simply convert
from Cgκℓ to P
gΣ(k) at the mean redshift z¯ as
P gΣ(k) ≃ d2A(z¯)Σcrit(z¯)C
gκ
ℓ=kdA(z¯)
, (8)
where d2A(z) term comes from the conversion from multipole ℓ to
the wavenumber k.
2.2 Halo model approach to galaxy-galaxy lensing
In the halo model picture, the galaxy-shear cross spectrum is sepa-
rated into one-halo and two-halo components
P gΣ = P gΣ(1h) + P gΣ(2h). (9)
The one-halo term reflects the projected mass density profile within
the host dark matter halo, and is given as
P gΣ(1h)(k) =
∫ zmax
zmin
dz
H(z)
ρ¯mW
g(z)
∫
dM
dn
dM
M
ρ¯m
×u˜NFW(k;M, z)[〈Ncen〉+ 〈Nsat〉p˜sat(k;M)], (10)
where u˜NFW is the Fourier transform of the projected NFW profile
for the halo with mass M (Navarro et al. 1996; Wright & Brainerd
2000). In this paper, we employ the mass-concentration relation
presented by Duffy et al. (2008). 〈Ncen〉 and 〈Nsat〉 represent the
mean numbers of central and satellite galaxies, respectively, hosted
by the halo with mass M based on the HOD formalism. The addi-
tional function psat represents the number density profile of satel-
lite galaxies within the host halo which takes into account the off-
centring of galaxies from the halo centre (Oguri & Takada 2011;
Hikage et al. 2013). We use the Gaussian off-centring profile of
satellites with the dispersion of the virial radius
p˜sat(k;M) = exp
[
−k2R2vir(M)/2
]
. (11)
The two-halo term reflects the halo-matter clustering and given as
P gΣ(2h)(k) =
∫
dz
H(z)
ρ¯mW
g(z)
×
∫
dM
dn
dM
[〈Ncen〉+ 〈Nsat〉p˜sat(k;M)]Phm(k, z;M). (12)
Here we simply describe the halo-matter power spectrum
Phm(k, z;M) as the linear matter power spectrum P linmm(k, z)
multiplied with the linear galaxy biasing b(M, z). When compar-
ing the observations, we use the fitting formula for both halo mass
function dn/dM and bias b(M, z) (Tinker et al. 2008, 2010) where
halo masses are defined as M200, the mass enclosed in a sphere
with an average density of 200 times the comoving matter density.
3 PSEUDO-SPECTRUM ANALYSIS
Here we present the formalism for the pseudo-spectrum analysis of
galaxy-galaxy lensing by extending the pseudo-spectrum approach
of cosmic shear in Hikage et al. (2011). We use the flat-sky approx-
imation for analyzing CFHTLenS data because the curvature effect
is negligible compared to the sample variance and the computa-
tional cost is less expensive than the full-sky calculation. The full-
sky formalism is presented in Appendix A. The shear field γ(nˆ) de-
fined in a reference Cartesian coordinate system is decomposed into
E-mode and B-mode components by the following Fourier trans-
form
E˜ℓ ± iB˜ℓ =
∫
dnˆγ(nˆ) exp(iℓ·nˆ± 2ϕℓ), (13)
where ϕℓ is the azimuthal angle of ℓ. Their auto and cross spectra
are defined as
〈XℓY
∗
ℓ′〉 ≡ (2π)
2δ2D(ℓ− ℓ
′)CXYℓ , (14)
where X and Y denotes E- (E˜ℓ) or B-mode (B˜ℓ). In the weak lens-
ing field, the E-mode field corresponds to the convergence field and
thus its power spectrum reduces to the convergence power spec-
trum, Cκκℓ = C
EE
ℓ . In the standard Λ cold dark matter (CDM)
model, the B-mode power and EB cross spectra are negligibly small
and can be used to probe observational systematics. The galaxy-
shear cross spectrum is also given by cross-correlating the projected
galaxy distribution with the E-mode shear as〈
δ˜g
(
k =
ℓ
dA(z)
)
E˜∗ℓ′
〉
≡ (2π)2δ2D(ℓ− ℓ
′)CgE
ℓ
. (15)
The cross-correlation of the galaxy distribution with the B-mode
shear is also negligible and can be used to probe systematics.
An observed imaging field has a finite survey area with com-
plicated masks. We take account of this mask effect using pseudo-
Cℓ method to reconstruct the original shear spectrum deconvolved
with the survey mask. The weak lensing shear is usually esti-
mated from observed ellipticities of background galaxy images.
The galaxy ellipticity has a large intrinsic component and also the
low signal-to-noise images are subject to the measurement noise
e
(obs)(nˆ) = γ(nˆ) + ǫnoi, (16)
where ǫnoi includes the intrinsic ellipticity and the measurement
noise. Ideally, the shear value is obtained by the average over ob-
served ellipticities γ = 〈e(obs)〉. However, the observed shear map
is masked due to bright stars in our Galaxy and thus the survey
mask has complicated shape due to bright stars and their spikes.
When the grid is completely inside the mask, we do not obtain any
information on the shear in the grid. Furthermore the expected error
of shear in each grid depends on the number of source galaxies and
the uncertainty of observed ellipticities, which can differ at differ-
ent positions on the sky.
We thus estimate the weight for shear field by summing ellip-
ticity weights in each pixel
Uγ(nˆ) =
nˆi∈nˆ∑
i
wγi , (17)
where the shear weight of i-th source galaxy wγi is introduced to
enhance the signal-to-noise of weak lensing measurements. In prac-
tical analysis, it is common to define the weight of each galaxy by
the inverse variance of the shape noise ǫnoi. The weight field takes
account of the mask effect by setting the value of Uγ to be zero
when the grid at nˆ is completely masked. The observed shear field
is related to the true shear field as
〈
γ
(obs)(nˆ)
〉
=
〈
nˆi∈nˆ∑
i
wγi e
(obs)
i
〉
,
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= Uγ(nˆ)γ(true)(nˆ). (18)
The weight field of Σ is similarly estimated by changing the weight
wγi to
wΣi =
[
Σ−1crit(z; zs,i)
]2
wγi . (19)
The galaxy number density field is given by the excess of the
observed galaxy number relative to the averaged number density
at each grid. The observed galaxy distribution has different sur-
vey mask and angular selection function. For spectroscopic galaxy
samples, there are more complicated observational effect such as
the fiber collision that suppress the number of close pairs of galax-
ies. The observed field is related to the true field as〈
δ(obs)g (nˆ)
〉
= Ug(nˆ)δ(true)g (nˆ), (20)
where Ug is the weight (mask) field of the galaxy number density
field. Here we focus on the small patch of the sky where the flat-sky
approximation holds well. The Fourier transform of the shear field
and the galaxy number density field are affected by the convolution
of the masks
E˜
(obs)
ℓ
±iB˜
(obs)
ℓ
=
1
θ2s
∑
ℓ′
(E˜
(true)
ℓ′
±iB˜
(true)
ℓ′
)U˜γ
ℓ−ℓ′
e±2iϕℓ′ℓ ,(21)
where ϕℓ′ℓ ≡ ϕℓ′ − ϕℓ and
δ˜
(obs)
g,ℓ =
1
θ2s
∑
ℓ′
U˜g
ℓ−ℓ′
δ˜
(true)
g,ℓ′
, (22)
where we have assumed that the patch is a square field with the side
length of θs.
The auto and cross spectra in the sky field are defined as
〈XℓY
∗
ℓ′〉 = θ
2
sδ
K
ℓ−ℓ′C
XY
ℓ , (23)
where X and Y denote either E-mode shear, B-mode shear, or the
galaxy number density field, and δKℓ is the Kronecker’s delta. Again
we do not take into account the imaginary part of cross spectra. Due
to the convolution with the mask (weight) field in the real space, the
power spectrum for the mask (weight) field has the mode coupling
as
C
(obs)
ℓ
=
∑
ℓ′
Mℓℓ′F
2
ℓ′C
(true)
ℓ′
+N
(obs)
ℓ
, (24)
where we introduce the 6-dimensional vector Cℓ =
(CEEℓ , C
BB
ℓ , C
EB
ℓ , C
gE
ℓ
, CgB
ℓ
, Cgg
ℓ
), M is 6 × 6 convolu-
tion matrix, Fℓ is the pixel window function and N(obs)ℓ is the
convolved noise spectrum. For the lensing power spectrum, the
E-mode and B-mode power spectra are mixed as(
C˜
EE(obs)
ℓ
C˜
BB(obs)
ℓ
)
=
1
θ2s
∑
ℓ′
Uγγ
ℓ−ℓ′
(
cos2(2ϕℓℓ′) sin
2(2ϕℓℓ′)
sin2(2ϕℓℓ′) cos
2(2ϕℓℓ′)
)
×
(
C
EE(true)
ℓ
C
BB(true)
ℓ
)
. (25)
The convolution with the mask generates the B-mode spectrum
leaked from the E-mode spectrum even if there is no intrinsic B-
mode power. On the other hand, galaxy-shear cross spectra are writ-
ten as
C
gX(obs)
ℓ
=
1
θ2s
∑
ℓ′
C
gX(true)
ℓ′
Ugγ
ℓ−ℓ′
cos(2ϕℓℓ′), (26)
where X denotes E- or B-mode shear field. E-mode and B-mode
components do not mix for the galaxy-shear cross spectra because
of their different parity. The EB-mode cross spectrum and the
galaxy auto power spectrum are respectively written as
C
EB(obs)
ℓ
=
1
θ2s
∑
ℓ′
C
EB(true)
ℓ′
Uγγ
ℓ−ℓ′
[cos2(2ϕℓℓ′)−sin
2(2ϕℓℓ′)],(27)
and
C
gg(obs)
ℓ
=
1
θ2s
∑
ℓ′
C
gg(true)
ℓ′
Ugg
ℓ−ℓ′
. (28)
In the above expressions, the function Uℓ represent the auto and
cross power spectra of shear and galaxy weight fields, i.e.,
〈U˜X,ℓU˜
∗
Y,ℓ′〉 = θ
2
sδ
K
ℓ−ℓ′U
XY
ℓ , (29)
with X and Y being g or γ. Note that the two weight field Uγ(nˆ)
and Ug(nˆ) are not necessarily identical; our formalism works even
if the shear and galaxy density fields have different mask patterns.
We also take account of the effect of the finite square field to com-
pute the full mode coupling matrix Mℓℓ′ (Hikage et al. 2011).
We invert the mode coupling matrix after binning. To do so,
we compute the binned non-dimensional power spectrum as
Cb ≡
1
Nmode,b
ℓ∈ℓb∑
ℓ
PbℓCℓ, (30)
where Pbℓ = ℓ2/2π and Nmode,b is the number of modes in b-th
bin. The unmasked binned power spectrum is obtained by multi-
plying the inverse of the mode coupling matrix with the pseudo-
spectrum
C
(true)
b = M
−1
bb′
ℓ∈ℓ′
b∑
ℓ
Pb′ℓ(C
(obs)
ℓ
− 〈Nℓ〉MC), (31)
where
Mbb′ =
ℓ∈lb∑
ℓ
ℓ′∈ℓb′∑
ℓ′
PbℓMℓℓ′F
2
ℓ′Qℓ′b′ , (32)
with Qℓb = 2π/ℓ2. In order to remove the shot noise effect, we
randomly rotate ellipticities of individual weak lensing galaxies to
estimate the shot noise power spectrum 〈Nℓ〉MC and to subtract
it from the power spectrum. In order to obtain accurate estimates
of the shot noise power spectrum, we generate 100 realizations of
rotated shear fields and take their average of N˜ℓ. Throughout the
paper we use 15 ℓ bins in the range 100 6 ℓ 6 10800 that are equal
spaced in the logarithmic scale.
4 TESTING THE PSEUDO-SPECTRUM METHOD
USING RAY-TRACING SIMULATIONS
4.1 Ray-tracing simulations and halo samples
Ray-tracing simulations in N -body simulations have been used to
study the properties of weak lensing fields (e.g., Jain et al. 2000;
Hamana & Mellier 2001). We use ray-tracing simulations and the
halo dataset constructed by Sato et al. (2009) to check the accuracy
of our pseudo-spectrum method. We use 400 realizations of shear
field which has the square field with a side length θs = 5 degree
and the pixel number of Npix = 20482. The redshift of the source
galaxy is set to zs = 1. At z < 1, the mass field is obtained from
N -body simulations with Lbox = 240h−1Mpc and 2563 particles
(each particle mass is 5.44 × 1010h−1M⊙) at the initial redshift
c© 0000 RAS, MNRAS 000, 000–000
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of 50. Cosmological parameters in these simulations are those in
the flat Λ CDM model based on the WMAP 3-year result (Spergel
et al. 2007): Ωm = 0.238, Ωb = 0.042, ΩΛ = 0.762, σ8 = 0.76,
h = 0.732, ns = 0.958 (hereafter we denote WMAP3).
The simulated source galaxies are distributed randomly with
the mean angular number density of ns,gal = 20 arcmin−2. Each
source galaxy takes the shear value at the nearest pixel point in a
given shear field. We add an intrinsic shape noise to each ellipticity
component assuming a Gaussian distribution with the dispersion
per component of σint = 0.22. We take into account the mask
due to bright stars and their diffraction spikes as described in Hik-
age et al. (2011). The radii of the simulated star mask r randomly
distributes from 0.2 to 2 arcmin. For each star mask with r > 1
arcmin, a rectangular shape mask with 0.2r × 5r along y-axis is
added to mimic the diffraction spike. We remove source galaxies
inside the masks so that 75% of the total area is available after
masking. The shear field with the inverse variance weight becomes
γ
′(x) =
xs,i∈x∑
i
wi(γi + ǫint), (33)
and the shear weight field is Uγ(x) =
∑
xs,i∈x
i
wi. For simplicity
we set the noise variance for all the simulated source galaxies to
be same (i.e., wi =const) and thus the shear weight is simply pro-
portional to the source number density. Even when wi is constant,
the shear weight field is fluctuated depending on the number distri-
bution of source galaxies. When a pixel x is partially (completely)
masked, the relative weight for the pixel becomes less than unity
(zero).
The ray-tracing simulations also contain haloes identified
from the N -body simulations used for ray-tracing. We use the
haloes with the mass Mh > 1013h−1M⊙ and Mh > 1014h−1M⊙
at the redshift range of 0.4 < z < 0.6 as a foreground lens sample.
The masked density fluctuation of these foreground “galaxies” is
obtained by using the data and random as follows:
δ′g(x) = ng(x)− n¯(x), (34)
where n¯(x) is the mean number density estimated from random and
and the resulting weight field for the galaxies Ug(x) = n¯(x). The
sky areas covered by imaging surveys and spectroscopic surveys
are usually different. We mask different 25% areas in the simulated
halo fields and the source fields. The overlapped area reduces to be
50% of the original area.
4.2 Reconstruction of the input spectra
Fig. 1 shows the results of simulated galaxy (halo)-shear cross
spectra P gΣ(k), which is essentially the galaxy-galaxy lensing pro-
file in the Fourier space. The errorbars represent the 1σ error for
the averaged spectra obtained by computing the dispersion of the
spectra reconstructed using the pseudo-spectrum method divided
by the square root of the realization number, 400. We confirm that
the deconvolved spectra (red symbols) recover the input galaxy-
shear cross spectra (black solid lines) for both cases with the halo
mass Mh > 10
13Mh−1⊙ and Mh > 1014Mh
−1
⊙ . The masked
spectra (blue symbols) have different amplitudes and shapes. As
shown in the middle panels of Fig. 1, the difference ratios of the
deconvolved spectra to the input spectra are within the errors for a
wide range from 0.1 to 10h/Mpc scale. The bottom panels show the
cross-spectra between the halo density fields and the B-mode lens-
ing fields, which are also consistent with zero. This analysis clearly
indicates that our pseudo-spectrum method accurately recovers the
input galaxy-shear cross spectrum, even in the presence of realistic
masks.
4.3 Covariance of galaxy-galaxy lensing
Our extensive galaxy-shear cross-spectrum analysis using ray-
tracing simulations also enables us to quantify the covariance of
galaxy-galaxy lensing. Although the weak lensed field is non-
Gaussian (e.g., Takada & Jain 2009; Kayo et al. 2013; Sato &
Nishimichi 2013), observed weak lensed fields are dominated by
the shape noise on small scales, and thereby the Gaussian approx-
imation has often been adopted. In Gaussian approximation, the
covariance matrix of galaxy-shear cross spectrum is diagonal and
is described by
Cov
(G)
gΣ (ki, kj) =
δKij
Nmode,i
[
P gΣ 2(ki) + P˜
gg(ki)P˜
ΣΣ(ki)
]
, (35)
where the power spectrum P˜ denotes the power spectrum including
shot noise. At small scales, this covariance matrix is dominated by
the shot noise term ∝ σ2int/(ns,galn¯g), where n¯g is the average
density of foreground galaxies (see, e.g., Oguri & Takada 2011).
The number of independent k-modes in i-th bin, Nmode,i, is given
as
Nmode,i =
π(k2i,max − k
2
i,min)Ω
overlap
sky
(2π)2
, (36)
where Ωoverlapsky is the overlapped sky area between halo maps and
shear maps.
Fig. 2 compares the errors of diagonal components for galaxy-
shear cross spectrum relative to the Gaussian expectations. The
Gaussian errors for simulations is computed using the simulated
spectrum. On large scales (small ℓ), the relative errors are close to
be unity, indicating that the Gaussian approximation is reasonable.
On larger ℓ, however, the relative errors increase and have peak at
k ∼ 3− 5h/Mpc depending on the halo mass.
We find that this excess of the covariance at small scales can be
explained by the halo sample variance (HSV). In the finite survey
area, mode fluctuations whose scales are larger than the survey area
are known to generate the excess covariance in the lensing auto
power spectra (Takada & Bridle 2007; Sato et al. 2009). The more
complete formulae called super sample covariance (SSC), which
include the beat coupling (BC) and the cross-term BC-HSV, was
formulated in Takada & Hu (2013) and Li et al. (2014). For the
shear auto power spectrum and galaxy-shear cross spectrum, HSV
contributions to the covariances are written as (Takada & Hu 2013)
Cov(HSV)κκ =
∫
dz
H(z)
W κ4(z)
d6A(z)
Imm(ki, ki)Imm(kj , kj)(σ
L
W (z))
2,(37)
and
Cov
(HSV)
gΣ =
∫ zmax
zmin
dz
H(z)
[W g(z)WΣ(z)]2
1
d6A(z)
×Igm(ki, ki)Igm(kj , kj)(σ
L
W (z))
2, (38)
where WΣ(z) = Σcrit(z)W κ and
Imm(k, k
′) ≡
∫
dM
dn
dM
(
M
ρ¯m
)2
b(M, z)u˜2NFW(k;M, z), (39)
and
Igm(k, k
′) ≡
1
n¯g
∫
dM
dn
dM
(
M
ρ¯m
)
(b(M, z)− 1)u˜NFW(k;M, z)
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Figure 1. Reconstruction of the galaxy-shear cross spectrum P gΣ(k), i.e., cross-correlation of the weak lensing shear field and the halo number density field,
using 400 realizations of ray-tracing simulations and halo catalogues. Each realization covers 25 deg2. The mask regions are different between the shear and
halo umber density fields, and the fraction of overlapping area is 50% (see text for details). The source redshift is zs = 1 and the angular number density
of source galaxies for weak lensing is 20 arcmin−2 . The intrinsic shape noise is Gaussian with σint = 0.22. We use haloes with minimum halo masses
of 1013h−1M⊙ (left) and 1014h−1M⊙ (right). Top: The input cross spectra are plotted by solid lines. The deconvolved spectra and masked spectra are
respectively plotted by red filled circles and blue open triangles. Middle: The difference ratio between the deconvolved spectrum and the input spectrum.
Bottom: The cross-correlation between halo density fields and the lensing B-mode field.
Figure 2. Diagonal errors of the simulated deconvolved galaxy-shear cross spectra relative to the Gaussian errors (eq. [35]). Left and right panels show the
results for the halo masses of 1013h−1M⊙ and 1014h−1M⊙, respectively. Lines represent the theoretical expectations from the HSV including fluctuations
up to the simulation box size (solid) and including fluctuations at all scales (dotted).
[
〈Ncen〉+ 〈Nsat〉p˜sat(k
′;M, z)
]
. (40)
For the galaxy-shear cross power spectrum, we use b(M) − 1
instead of b(M), which comes from local averaging of galaxy
number counts as discussed in the section II C in Takada & Hu
(2013). Since the local averaging rescales the observed power as
PW (k) = P (k)/(1 + δb), the HSV effect is reduced to some ex-
tent. The response of the galaxy-galaxy lensing to the background
is modified as
∂P (k)
∂δb
→
∂P (k)
∂δb
− P (k), (41)
which corresponds to converting b(M) to b(M)− 1.
The variance (σLW )2 represents the amplitude of the back-
ground fluctuation in a given survey window
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(σLW (z))
2 =
1
Ω2sky
∫
kmin
dk
(2π)2
|W˜ (k)|2PL
(
k =
ℓ
dA(z)
; z
)
,(42)
where PL(k; z) is the 3D linear power spectrum at z and kmin de-
notes the minimum wavenumber. The variance of the background
fluctuations (σLW )2 increases as the survey area decreases. The ray-
tracing simulations used in this paper are constructed from N -body
simulation boxes with the side length of Lbox = 240h−1Mpc
up to z = 1. In comparisons with the simulation results, we set
kmin = 2π/Lbox with Lbox = 240h−1Mpc so that the fluctua-
tions at scales larger than Lbox are excluded. As a result, (σLW )2 is
decreased roughly by half. When the field has a square shape, the
survey window function reads
W˜ (k) = L2sinc(kxL/2)sinc(kyL/2), (43)
where L is a side length of the square field. In this paper, we
approximate the square-shape survey window function with L =
(Ωoverlapsky )
1/2
.
In Fig. 2, we compare the ratio of the diagonal elements of
the covariance matrix from our simulations to the Gaussian covari-
ance with theoretical expectations of the enhancement of the co-
variance matrix due to the HSV effect. Since we use dark haloes to
represent galaxies, in computing the HSV contributions the HOD
parameters are set to 〈Nsat〉 = 0 for all Mh and 〈Ncen〉 = 1
for Mh > 1013h−1M⊙ or 1014h−1M⊙ and 〈Ncen〉 = 0 other-
wise. We find that the simulations and HSV expectations agree rea-
sonably well with each other, particularly when kmin is set to the
simulation box size. The HSV contribution is comparable to the
Gaussian term on large l and thus the total variance increases by
30-40%. When the background fluctuation larger than box size is
included, which is relevant for the covariance in real observations,
the HSV contribution surpasses the Gaussian one and the total vari-
ance doubles.
More importantly, the HSV induces off-diagonal elements in
the covariance matrix, as shown in equation (38). We compute the
correlation coefficient matrix of the galaxy-shear cross spectrum as
Rij =
CovgΣ(ki, kj)√
CovgΣ(ki, ki)CovgΣ(kj , kj)
. (44)
Upper panels of Fig. 3 show our simulation results on the covari-
ance matrix for the galaxy-shear cross spectrum with the halo mass
Mh > 10
13h−1M⊙. When the shape noise is not included (left
panel), the mode coupling due to the nonlinear gravity increases
the covariance among different scales at larger k. When the shape
noise is included (right panel), the covariance matrix approaches to
be Gaussian. However, there are still residuals in the off-diagonal
components at small scales. We find that the residual covariance
is consistent with the predictions of Gaussian plus the HSV term,
as shown in the lower panels of Fig. 3. This analysis suggests that
the covariance matrix computed by adding the Gaussian covariance
and the HSV contribution provides a good approximation to the
covariance from our simulations which include full non-Gaussian
effects. We note that Gruen et al. (2015) argued that intrinsic vari-
ations of the projected density profiles serve as a source of off-
diagonal covariance matrix at small scales. Our analysis implies
that the effect of the intrinsic variations is small compared with
the HSV contribution, at least in our setting where the halo mass
range is rather broad. In what follows, we use the analytic formulae
of the covariance Cov(G)+CovHSV. In the following analysis, we
show how the difference in the results with and without the HSV
contribution.
5 APPLICATIONS TO CFHTLENS DATA AND BOSS
GALAXY DATASET
5.1 CFHTLenS data
Here we use public available Canada-France-Hawaii Telescope
Lensing Survey (CFHTLenS) catalogue (Erben et al. 2013).
CFHTLenS data consists of 171 pointings (field of view of each
pointing is ∼ 1 deg2) in 4 disjoint fields (W1,W2,W3,W4) cover-
ing an total effective survey area of 154 deg2. The imaging survey
is carried out using 300 mega pixels MEGACAM instrument with
five filters and the i-band magnitude limit iAB < 24.5 (5σ in a 2′′
aperture).
We use the imaging data classified as a galaxy (fitclass=0) and
unmasked object (MASK6 1). The galaxy shape is measured based
on the lensfit algorithm (Miller et al. 2013) and the ellipticity is
defined as e = (a − b)/(a + b) (a and b are major and minor
axes). The ellipticity data is obtained as a two-dimensional vector
(e1, e2) where e1 is the ellipticity component along the constant
declination and e2 axis. Following the shear calibration by Hey-
mans et al. (2012), the additive term c2 is subtracted from the mea-
sured e2. Furthermore, each ellipticity component is divided by the
multiplicative term m calibrated using simulations as a function of
image S/N and galaxy size (Miller et al. 2013). The averaged val-
ues of the galaxy shape ellipticity is 0.22 per component. We use
the ellipticity data with a positive value of the weight, which is de-
termined by the inverse of the variance due to the intrinsic galaxy
ellipticity and shape measurement error due to photon noise (Miller
et al. 2013).
Since the galaxy-galaxy lensing measurement is much less af-
fected by the systematics than cosmic shear analysis, we use the
data in the whole of CFHTLenS fields. The photometric redshift
of each galaxy is estimated by the Bayesian Photometric Red-
shift (BPZ) code (Benı´tez 2000; Hildebrandt et al. 2012). We use
source galaxies with photo-z up to zBPZ = 3.1 but the probability
PBPZ(z > zmax) > 0.84 where zmax is the maximum redshift of
a given spectroscopic sample used as a foreground lens sample for
the galaxy-shear cross spectrum analysis (see also Oguri 2014, for
a similar background galaxy selection). The angular number den-
sity of source galaxies becomes ns = 7.2 arcmin−2 for CMASS
and 9.6 arcmin−2 for LOWZ.
We set a square field with a side length of 600 arcmin to
cover each CFHTLenS field. The centre of the square field is de-
fined as αc = (αmax + αmin)/2 and δc = (δmax + δmin)/2
where αmax(min) and δmax(min) is the maximum (minimum) value
of right ascension and declination of source galaxies in each
CFHTLenS field. We convert the spherical coordinates to flat coor-
dinates as cos(x) = sin2(δ)+cos2(δ) cos(α−αc) and y = δ−δc
(Kilbinger et al. 2013).
5.2 Spectroscopic samples
In order to cross-correlate with the CFHTLenS shear data, we use
a public catalogue of SDSS-III Data Release 11 BOSS spectro-
scopic galaxies and the random catalogues (Eisenstein et al. 2011).
We use two main BOSS galaxy samples, “LOWZ” (lower red-
shift sample at z < 0.4) and “CMASS” (higher redshift sample
at 0.4 < z < 0.7) (see the details of the sample selection in
Eisenstein et al. 2011; Ahn et al. 2012; Dawson et al. 2013). We
focus on the redshift range of 0.16 < z < 0.33 for LOWZ and
0.47 < z < 0.59 for CMASS where the sample is nearly volume-
limited with a constant number density. We also use a classical
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Figure 3. Correlation coefficient matrix (eq. [44]) of the galaxy-shear cross spectrum P gΣ(k) for Mh > 1013h−1M⊙ with (right panels) and without shape
noise (left panels). Upper panels show the correlation coefficient matrix derived from the simulated deconvolved galaxy-shear cross spectrum. Lower panels
show the theoretical prediction of the covariance including the Gaussian covariance and the HSV contribution.
SDSS-I Luminous Red Galaxies (LRGs) (Eisenstein et al. 2001).
Targeting cuts of the LRGs are similar to the BOSS LOWZ and
CMASS galaxies, though BOSS sample contains lower stellar mass
galaxies and their number density is about three times higher than
LRGs.
These spectroscopic samples partially overlap with the
CFHTLenS fields. The overlapped galaxy number becomes 418 for
SDSS/LRG (0.16 < z < 0.33), 2353 for BOSS/LOWZ (0.16 <
z < 0.33), and 5429 for BOSS/CMASS (0.47 < z < 0.59) sam-
ples. The overlapped sky fraction of CFHTLenS field is 35 % for
LRG, 74% for LOWZ and 77% for CMASS sample. There is al-
most no overlap for the field W2 and thus we do not use W2 field
in our galaxy-galaxy lensing analysis.
5.3 Results
We measure the galaxy-shear cross spectrum P gΣ(k), i.e., the
galaxy-galaxy lensing profile in the Fourier space, using the
pseudo-spectrum method. Fig. 4 show the comparison of mea-
sured cross spectra between the CFHTLenS shear catalogue and
three spectroscopic samples: BOSS/CMASS (0.47 < z < 0.59),
BOSS/LOWZ (0.16 < z < 0.33), and SDSS DR7 LRG (0.16 <
z < 0.33). When converting from Cgκℓ to P gΣ, for simplicity we
use the mean redshift z¯ of each galaxy sample assuming a flat
ΛCDM cosmology with Ωm = 0.3 (eq. [8]). We find that the
cross-correlation with the SDSS LRG sample has larger amplitude
at larger k. This is consistent with that the SDSS/LRGs are hosted
by more massive haloes than the other two samples (see also Miy-
atake et al. 2015).
We estimate the signal-to-noise ratio for the galaxy-shear
cross spectrum as
(S/N)2 =
∑
i,j
P gΣ(ki)(Cov
gΣ−1)ijP
gΣ(kj). (45)
We use the range of scales from 0.1h−1Mpc to 10h−1Mpc with
15 data points. Here the covariance is estimated analytically us-
ing the Gaussian covariance and the HSV contribution (see Sec-
tion 4.3). The S/N of the galaxy-galaxy lensing for the three
galaxy samples are 7.1 (SDSS/LRG), 8.6 (BOSS/LOWZ), and
10.4 (BOSS/CMASS). For comparison, the S/N increases to 18.1
(SDSS/LRG), 23.7 (BOSS/LOWZ), 20.4 (BOSS/CMASS) without
the HSV term in the covariance. The S/N value decreases nearly
by half when including the HSV, which indicate that the effect of
super survey modes is important also for the galaxy-galaxy lensing
analysis. Even when the HSV is taken into account, we find that
galaxy-galaxy lensing signals are detected at the significance level
of 7− 10σ for all of the three spectroscopic samples.
We compare the measured spectra with the halo model calcu-
lations assuming a commonly used HOD form with 5 parameters
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Figure 4. The galaxy-galaxy lensing pseudo spectrum, i.e., the galaxy-
shear cross spectrum with the correction of the masking effect, between the
CFHTLenS shear catalogue and three different spectroscopic galaxy sam-
ples, SDSS DR7 LRG (solid), BOSS/LOWZ (dotted), and BOSS/CMASS
(dashed).
by Zheng et al. (2005)
〈Ncen〉 =
1
2
[
1 + erf
(
log10(M)− log10(Mc)
σlogM
)]
,
〈Nsat〉 = 〈Ncen〉
(
M −M0
M1
)α
, (46)
where erf(x) is the error function and their HOD parameters
in the previous work are listed in Table 1. The HOD parameter
values for LRGs (Reid & Spergel 2009) is estimated using the
counts-in-cylinder group finding technique based on WMAP3 cos-
mology, while the others are estimated from redshift-space clus-
tering based on WMAP7 cosmology (Manera et al. 2013, 2015).
When comparing the HOD model predictions with our measure-
ments, we use the same cosmological parameters as those as-
sumed when deriving the HOD parameter values. The difference
of the cosmology is included in the conversion from Cgκℓ to
P gΣ(k) as P gΣ(k) → P gΣ(k)[d2AΣcrit]
(fid)/[d2AΣcrit] and k →
kdA(z)/d
(fid)
A (z), though the conversion effect is much smaller
than the statistical error.
Fig. 5 compares the HOD model predictions with observed
spectra. Individual contributions from the one-halo and two-halo
components are plotted separately. We find that the halo model with
the HOD parameters in previous work well explains our measured
galaxy-shear cross spectra. To quantify the goodness, we estimate
the χ2 value as
χ2 =
∑
i,j
∆P gΣ(ki)(Cov
gΣ −1)ij∆P
gΣ(kj), (47)
where ∆P gΣ(k) is defined by the difference between the observed
spectrum and the model spectrum. For all of the three spectroscopic
galaxy samples, we obtain reasonable χ2 values as listed in Ta-
ble 1. The consistency of the HOD between the different measure-
ments indicates that the halo model description works well in the
current uncertainty level. This consistency can also serve as a san-
ity check that our pseudo-spectrum method works well with real
observational data. The right panels in Fig. 5 show that the com-
parison of galaxy-shear cross spectra for three CFHTLenS fields
(W1,W3,W4). We find that the galaxy-shear cross spectra are de-
tected in each field and they are consistent with each other.
6 CONCLUSION
In this paper, we have presented the formalism of galaxy-galaxy
lensing in the Fourier space. Our approach takes account of the re-
alistic mask effect using the pseudo-spectrum method. Using ray-
tracing simulations in N -body simulations, we have confirmed that
the pseudo-spectrum method successfully recovers the input true
galaxy-shear cross spectrum, which is a Fourier space counter-
part of the stacked galaxy-galaxy lensing profile. We note that our
formalism allows different mask patterns between the shear and
galaxy number density fields.
We have also investigated the covariance of the galaxy-shear
cross spectrum using the ray-tracing simulations. We have found
the excess covariance relative to the Gaussian error on large k
where the shot noise is dominated in the Gaussian approximation.
We have shown that the excess can be explained by the halo sample
variance (HSV), which originates from matter fluctuations at scales
larger than the survey area. In our examples, the HSV contribution
increases the diagonal error of galaxy-galaxy lensing nearly twice
at k . 1h/Mpc, and also induces the off-diagonal elements. The
HSV contribution has been ignored in previous galaxy-galaxy lens-
ing analysis, and our results highlight the importance of including
super survey modes in the covariance. We note that the Jackknife
method does not contain information on fluctuations larger than the
survey area, and thus substantially underestimates the HSV contri-
bution. While we have included only the HSV term, more com-
prehensive analysis of the effect of the super sample covariance on
galaxy-galaxy lensing is ongoing (Takada et al. in preparation).
We have applied the pseudo-spectrum method to the real ob-
servational dataset from the CFHTLenS shear catalogue and var-
ious spectroscopic samples including SDSS/LRG, BOSS/LOWZ,
and BOSS/CMASS. We have detected the galaxy-shear cross spec-
tra for all the three spectroscopic samples at the significance level
of 7 − 10σ by using the analytic covariance formulae including
the HSV effect. We have confirmed that our galaxy-galaxy lens-
ing measurements are consistent with the theoretical predictions
based on the HOD model from previous work, which can be seen
as a sanity check of our pseudo-spectrum method to measure the
galaxy-galaxy lensing in the Fourier space. The methodology de-
veloped in this paper will be important for analyzing future data
with which we will be able to measure galaxy-shear cross spectra
out to larger scales.
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Figure 5. Left: Comparisons of the observed galaxy-shear cross spectra with the HOD model. From top to bottom, we show the results for SDSS/LRG,
BOSS/LOWZ, and BOSS/CMASS. The HOD model parameters used here are summarized in Table 1. The one-halo term, two-halo term, and their sum are
plotted with blue dotted, yellow dashed, and red solid lines, respectively. The observed cross spectra between the B-mode shear and galaxy density fields are
also shown at the bottom panel of each figure. Right: The difference of the observed galaxy-shear cross spectra between three CFHTLenS fields (W1,W3,W4),
again for the same three galaxy samples.
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APPENDIX A: FULL-SKY FORMALISM
In this Appendix, we provide the full-sky formalism for the pseudo-
spectrum analysis of the shear power spectrum and galaxy-shear
cross spectrum. This is analogous to the formalism developed for
the CMB polarization and temperature cross spectrum (Hivon et al.
2002; Kogut et al. 2003; Brown et al. 2005).
The observed shear field γ can be decomposed into E-mode
and B-mode shear by spherical harmonic transform with the spin-2
spherical harmonics ±2Yℓm
E˜ℓm ± iB˜ℓm =
∫
dnˆ γ(nˆ) ±2Y
∗
ℓm(nˆ), (A1)
and the inverse relation is
γ(nˆ) =
∑
ℓm
(E˜ℓm ± iB˜ℓm)±2Yℓm(nˆ). (A2)
The relation between the galaxy number density field and their Har-
monic coefficients are given using the spin-0 spherical harmonics
0Yℓm as
δ˜g,ℓm =
∫
dnˆ δg(nˆ) 0Y
∗
ℓm(nˆ), (A3)
and
δg(nˆ) =
∑
ℓm
δ˜g,ℓm 0Yℓm(nˆ). (A4)
The effect of survey mask on the harmonic coefficients is expressed
as their convolution
(E˜ℓm ± iB˜ℓm)
(obs) =
∫
dnˆUγ(nˆ)γ(nˆ)±2Y
∗
ℓm(nˆ) (A5)
=
∑
ℓ′m′
(Eℓ′m′ ± iBℓ′m′)
(true)
±2W
γ
ℓℓ′mm′
(A6)
and
δ˜(obs)g (nˆ) =
∫
dnˆ Ug(nˆ)δg(nˆ)0Y
∗
ℓm(nˆ) (A7)
=
∑
ℓ′m′
δ˜
(true)
g,ℓ′m′
)0W
g
ℓℓ′mm′ , (A8)
and the convolution kernels are defined as
sW
g(γ)
ℓℓ′mm′ ≡
∫
dnˆ sYℓ′m′(nˆ)U
g(γ)(nˆ)sY
∗
ℓm(nˆ)
=
∑
ℓ′′m′′
U˜
g(γ)
ℓ′′m′′
(−1)m
√
(2ℓ+ 1)(2ℓ′ + 1)(2ℓ′′ + 1)
4π
×
(
ℓ ℓ′ ℓ′′
s −s 0
)(
ℓ ℓ′ ℓ′′
m m′ m′′
)
, (A9)
where U˜g(γ)ℓm represents the spherical harmonic transform of the
mask field for galaxy overdensity field g or shear field γ
U˜
g(γ)
ℓm =
∫
dnˆ Ug(γ)(nˆ)0Y
∗
ℓm(nˆ). (A10)
The auto and cross spectra are defined as
CXYℓ ≡
1
2ℓ+ 1
∑
m
〈XℓmY
∗
ℓm〉 , (A11)
where X and Y denotes E-mode shear, B-mode shear, and galaxy
overdensity g. The pseudo spectra computed from the observed
masked field are related to the true spectra as
C
(obs)
ℓ =
∑
ℓ′
Mℓℓ′F
2
ℓ′C
(true)
ℓ′
+N
(obs)
ℓ . (A12)
where C denotes the 6-dimensional vector of power spectra for E-
mode shear, B-mode shear, and galaxy overdensity and their cross
spectra. Non-zero components of the mode coupling matrix Mℓℓ′
are as follows:
MEE,EE
ℓℓ′
= MBB,BB
ℓℓ′
=
2ℓ′ + 1
8π
∑
ℓ′′
Uγγℓ′′ [1 + (−1)
ℓ+ℓ′+ℓ′′ ]
(
ℓ ℓ′ ℓ′′
2 −2 0
)2
,
(A13)
MEE,BBℓℓ′ = M
BB,EE
ℓℓ′
=
2ℓ′ + 1
8π
∑
ℓ′′
Uγγℓ′′ [1− (−1)
ℓ+ℓ′+ℓ′′ ]
(
ℓ ℓ′ ℓ′′
2 −2 0
)2
,
(A14)
MEB,EBℓℓ′ =
2ℓ′ + 1
4π
∑
ℓ′′
Uγγℓ′′
(
ℓ ℓ′ ℓ′′
2 −2 0
)2
, (A15)
MgE,gE
ℓℓ′
= MgB,gB
ℓℓ′
=
2ℓ′ + 1
4π
∑
ℓ′′
Ugγℓ′′
(
ℓ ℓ′ ℓ′′
0 0 0
)2(
ℓ ℓ′ ℓ′′
2 −2 0
)2
,
(A16)
Mgg,gg
ℓℓ′
=
2ℓ′ + 1
4π
∑
ℓ′′
Ugg
ℓ′′
(
ℓ ℓ′ ℓ′′
0 0 0
)2
. (A17)
where
UXYℓ ≡
1
2ℓ + 1
∑
m
〈U˜XℓmU˜
∗Y
ℓm 〉, (A18)
with X and Y being g or γ.
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